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=) Classi�cation Techniques:
Linear DA, Quadratic DA
Flexible DA, Mixture DA
Random Forests
Support Vector Machines
. . .
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Case Study - Classi�cation of Psychotropic Drugs

Classi�cation according to its main indication in psychiatry
Antidepressants
Antipsychotics

Hypnotics
Stimulants

Sleeping Stages Were Monitored
Active Wake
(AW)
Passive Wake
(PW)

Light Sleep
(SWS1)
Deep Sleep
(SWS2)

Intermediate
Sleep (IS)
REM Sleep
(RS)

Experiment Set-up
26 psychoactive agents

4 doses (incl. dose 0) { 8 rats per dose

16h ! Light period (10h) and Dark period (6h)

Minutes spent in each sleeping stage in a period of 30 minutes.
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Univariate Functional Linear Discriminant Analysis
James and Hastie (2001)

Fit mixed model with splines as random and �xed e�ect

Yic = S� c + Sbic + " ic

with S natural cubic spline basis withK knots

bic � N(0; Dc)

" ic � N(0; � ic )

Marginal model:Yic � N(S� c ; � ic + SDcST )

Classi�cation rule for new curvey

d(y; c) =
q

(y � S� c)(� c + SDcST )� 1(y � S� c)T

y is classi�ed to classc for which distanced(y; c) is minimal.
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Pairwise Pseudo-likelihood Modeling
Fieuws and Verbeke (2006)

Assumem outcomesY1; � � � ; Ym

For each pair (Yr ; Ys), we �t the model:
�

Yri

Ysi

�
=

�
S 0
0 S

� �
� r
� s

�
+

�
S 0
0 S

� �
bri

bsi

�
+

�
" ri

" si

�

with
�

bri

bsi

�
� N

��
0
0

�
;
�

Dr Drs

Drs Ds

��

and
�

" ri

" si

�
� N

��
0
0

�
;
�

� r � rs

� rs � s

��

(r = 1 ; � � � ; m � 1; s = r + 1 ; � � � ; m)
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Multivariate Functional Linear Discriminant Analysis

Marginal model:

Yic � N(S� �
c ; � �

c + SD�
c ST )
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Multivariate Functional Linear Discriminant Analysis

Marginal model:

Yic � N(S� �
c ; � �

c + SD�
c ST )

Classi�cation rule for new curvey

d(y; c) =
q

(y � S� �
c )(� �

c + SD�
c ST )� 1(y � S� �

c )T

y is classi�ed to classc for which distanced(y; c) is minimal.
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Multivariate Functional Linear Discriminant Analysis

Marginal model:

Yic � N(S� �
c ; � �

c + SD�
c ST )

Classi�cation rule for new curvey

d(y; c) =
q

(y � S� �
c )� �

c
� 1(y � S� �

c )T

y is classi�ed to classc for which distanced(y; c) is minimal.

� �
c might be NOT positive de�nite

Jos�e Corti~nas Abrahantes Multivariate Functional Linear Discriminant



Introduction and Motivating Case Study
Multivariate Functional Linear Discriminant Analysis

Concluding Remarks

Introduction and Overview
Proposed Methodology
Computational Issues
Simulation Study

Strategy I
Rousseeuw and Molenberghs (1993)

Modi�cation of Covariance Matrix

Eigenvalue decomposition of� �
c

� �
c = Pc � cPT

c

Replace negative values in� c by a small positive value! � c;modif

Modi�ed covariance matrix � �
c;modif

� �
c;modif = Pc � c;modif PT

c

Calculate modi�ed distance

dmodif (y; c) =

r

(y � S� �
c )

h
� �

c;modif

i � 1
(y � S� �

c )T :
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Strategy II

Pairwise Distance Strategy

Calculate distance for each pair (Yr ; Ys)

drs(y; c)=
��

yr

ys

�
�

�
S 0
0 S

��
� rc

� sc

��
� � 1

rs;c

��
yr

ys

�
�

�
S 0
0 S

��
� rc

� sc

�� T

with
� rs;c =

�
� rc � rsc

� rsc � sc

�
+

�
S 0
0 S

� �
Drc Drsc

Drsc Dsc

� �
S 0
0 S

� T

Average distance over all pairs

dpair (y; c) =
1

m(m � 1)=2

m� 1X

r=1

mX

s= r+1

drs(y; c)
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Simulation Study

Based on EEG case study
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Simulation Setting

Setting 1: Two classes based on Antipsychotics and
Stimulants

Setting 2: Three classes based on Antipsychotics, Stimulants
and Antidepressants

Setting 3: Four classes based on Antipsychotics, Stimulants,
Antidepressants and Hypnotics

Training Dataset ! 20 { 40 { 60 { 80 { 100 subjects

Test Dataset ! 10 subjects

Pseudo likelihood model with 2 or 3 knots

Modi�ed distance$ pairwise distance
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Illustrative Example
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Simulation Study { Classi�cation result
Number of Modi�ed Pairwise
Subjects Distance Classi�cation

Setting 1 20 0.035 (0.061) 0.005 (0.019)
40 0.008 (0.037) 0.002 (0.009)
60 0.001 (0.007) 0.002 (0.009)
80 0.001 (0.007) 0.001 (0.005)
100 0.001 (0.008) 0.002 (0.010)
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Simulation Study { Classi�cation result
Number of Modi�ed Pairwise
Subjects Distance Classi�cation

Setting 1 20 0.035 (0.061) 0.005 (0.019)
40 0.008 (0.037) 0.002 (0.009)
60 0.001 (0.007) 0.002 (0.009)
80 0.001 (0.007) 0.001 (0.005)
100 0.001 (0.008) 0.002 (0.010)

Setting 2 20 0.213 (0.074) 0.128 (0.064)
40 0.151 (0.079) 0.094 (0.058)
60 0.124 (0.073) 0.076 (0.052)
80 0.119 (0.069) 0.087 (0.051)
100 0.092 (0.059) 0.069 (0.048)
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Simulation Study { Classi�cation result
Number of Modi�ed Pairwise
Subjects Distance Classi�cation

Setting 1 20 0.035 (0.061) 0.005 (0.019)
40 0.008 (0.037) 0.002 (0.009)
60 0.001 (0.007) 0.002 (0.009)
80 0.001 (0.007) 0.001 (0.005)
100 0.001 (0.008) 0.002 (0.010)

Setting 2 20 0.213 (0.074) 0.128 (0.064)
40 0.151 (0.079) 0.094 (0.058)
60 0.124 (0.073) 0.076 (0.052)
80 0.119 (0.069) 0.087 (0.051)
100 0.092 (0.059) 0.069 (0.048)

Setting 3 20 0.290 (0.083) 0.251 (0.077)
40 0.221 (0.084) 0.229 (0.064)
60 0.194 (0.074) 0.222 (0.060)
80 0.201 (0.066) 0.215 (0.063)
100 0.188 (0.069) 0.219 (0.057)
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Concluding Remarks

Extension of Functional Linear Discriminant Analysis to
multivariate functional data.

Similar classi�cation performance of modi�ed distance and
pairwise distance.

Simulation study:
Number of classes" ! Error rate "

Number of subjects" ! Error rate #

Number of knots" ! Error rate #

EEG dataset:
Nice classi�cation results in training dataset,

Di�cult to classify antidepressants and hypnotics in test
dataset
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