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motivation

Public health motivation
I For observed binary Y , continuous X and unobserved U:

logitPr(Y = 1|X = x ,U = u) = β0 + β1x + β2u

X Y

U

I ”What would be the [population] effect of intervening and
changing the level of risk factor X on the incidence of
outcome Y ?”

I NOT interested in confounded X − Y association!
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motivation

Our modest aim: to obtain an ‘RCT’ style estimate

I If we could fix X then:

Y

U

X

I logitPr(Y = 1|do(X = x0),U = u) = β0 + β1x0 + β2u

I x0 now evidently ⊥⊥ u...

I ...but u still affects y

Pearl (1995)
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motivation

This...

Y

U

X

CLOR(x0, x0 + 1) = log

{
odds Pr(Y = 1|do(X = x0 + 1))

odds Pr(Y = 1|do(X = x0))

}
= β1

{
β2

2Var(U)
}
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motivation

...NOT necessarily this

X Y

U

The conditional causal effect

β1 = log
{

odds Pr(Y=1|do(X=x0+1),U)
odds Pr(Y=1|do(X=x0),U)

}
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MR: prospective data

A possible solution - Mendelian randomisation

X YG

U

I Genetic quantity ‘G ’ must:

1. be independent of U

2. be predictive of X

3. only affect Y through X
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IV

Conventional statistical approach

X YG

U

1. Regress X on G to obtain E [X |G ]

2. fit model

logitPr(Y = 1|X ) = α0 + α1E [X |G ]

3. take α̂1 as CLOR

I Simple to implement, poor performance (Var [U] 6= Var [U∗])
Didelez et al. (2008); Palmer et al. (2008)
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IV

Adjusted IV approach Palmer et al. (2008); Nagelkerke et al. (2000)

X YG
^

R

U**

1. Define residual R = X − E [X |G ]

2. fit model

logitPr(Y = 1|X ,R) = α0 + α1E [X |G ] + α2R

3. take α̂1 as CLOR
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IV

Comments: logitPr(Y = 1|X ,R) = α0 + α1E [X |G ] + α2R

X YG
^

R

U**

I Better performance (Var [U] ≥ Var [U]∗∗ ≥ 0)

I Can be equivalent to fitting a Logistic SMM

I What is Var(α̂1)?

I What if parametric model for E [X |G ] wrong?
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Implementation

Suggested implementation: Score function the adjusted IV

I Specify xi (θ) = θ0 + θ1gi , ri (θ) = xi − θ0 + θ1gi

I Solve score equation
∑n

i=1 Si (θ) = 0

Si (θ) =


(

1
gi

)
Wi ri (θ) 1

xi (θ)
ri (θ)

 [yi − expit {θ3 + θ4xi (θ) + θ5ri (θ))}]


I CLOR is θ̂4, var(CLOR) is 4th element of ‘sandwich variance’

I Wi = 1 for all subjects with prospective observational data
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Invalidity of IV methods

Application to retrospective data

X YG

U

G ⊥⊥ U assumption highly plausible for prospective data

JB and SV Causal odds ratios August 21, 2009 12/22



Intro Case-Control Simulation Summary References

Invalidity of IV methods

G NOT ⊥⊥ U for case-control data Didelez and Sheehan (2007)

X YG

U

Ascertainment

I ‘Moral’ edge induced by a sampling conditional on Y .

I IV analysis invalid (wrt estimation)

I Most IV analyses are performed using case-control data!
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solution: re-weighting the exposure distribution

Distribution of X for 1:2 case-control data (π = 1
3 ,P(Y = 1) = 5%)

−4 −2 0 2 4 6 8

0.
0

0.
1

0.
2

0.
3

X

D
en

si
ty

X−general population
X|Y=1 (cases)
X|Y=0 (controls)
X−ascertained population

fgen(X ) = f (X |Y = 1)Pr(Y = 1) + f (X |Y = 0)Pr(Y = 0)

fasc(X ) = f (X |Y = 1)π + f (X |Y = 0)(1− π)
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solution: re-weighting the exposure distribution

Exact and Crude solutions

−4 −2 0 2 4 6 8

0.
0

0.
1

0.
2

0.
3

X

D
en

si
ty

X−general population
X|Y=1 (cases)
X|Y=0 (controls)
X−ascertained population

I Employ ‘exact’ weights W:

fgen = f (X |Y = 1)πPr(Y=1)
π + f (X |Y = 0)(1− π)Pr(Y=0)

1−π

I Or ‘crude’ weights W:

fgen ≈ f (X |Y = 1)π0 + f (X |Y = 0)(1− π)1
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Performance of crude and exact weighting

β2 Prospective data Retrospective data: Av.diff(variance)coverage
estimates exact W crude W

Alt IV LSMM Adjusted IV LSMM Adjusted IV LSMM

(Other parameter values - (β0 = −5, α0 = 0, α1 = 1, β1 = 1))

0.00 1.010 1.010 0.001 (0.015)0.944 0.001 (0.015)0.944 0.000 (0.017)0.946 0.001 (0.017)0.944
0.25 1.009 1.009 0.003 (0.015)0.952 0.003 (0.015)0.952 0.012 (0.017)0.950 0.013 (0.018)0.950
0.50 0.998 0.998 0.003 (0.015)0.960 0.002 (0.015)0.960 0.025 (0.017)0.952 0.029 (0.018)0.948
0.75 0.978 0.978 0.004 (0.015)0.947 0.003 (0.015)0.949 0.041 (0.017)0.939 0.050 (0.018)0.930
1.00 0.944 0.943 0.000 (0.015)0.942 0.000 (0.016)0.945 0.052 (0.017)0.938 0.069 (0.018)0.924

I Exact weighting of retrospective data as good as standard analysis with prospective data

I Crude weighting harder to justify and more poorly performing with LSMM
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Summary/Further work

I Robust & General implementation of Adjusted IV approach
I Adjusted IV and Logistic SMM equivalent in particular setting

I Both can handle Case-control data, given P(Y = 1)
I Crude method better for adjusted IV method

I Extension: IV methods for matched case-control data
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Equivalence of Adjusted IV and Logistic SMM Vansteelandt and Goetghebeur (2003)

I Let E [X |G ] = θ0 + θ1G

logitPr(Y = 1|X ,R) = α0 + α1E [X |G ] + α2(X − E [X |G ])

= γ0 + α2X + γ2G

= logitPr(Y = 1|X ,G )

= Association model for LSMM

I When X normal & Var(X |G ) ⊥⊥ G

LSMM and Adj IV target same CLOR
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Implementation of logistic SMM

I Find ψ via G-estimation:

Pr(Y (0) = 1|X ,G ) ≈ Pr(Y = 1|X ,G )exp(−ψX ) ⊥⊥ G

Score equation:

Si (θ) =


Wi (gi − EW [g ])(expit {θ1 + (θ2 − ψ)xi + θ3gi} − q) 1

xi

gi

 [yi − expit {θ1W + θ2xi + θ3gi}]



where q = EW [expit {θ1 + (θ2 − ψ)x + θ3g}]

θ1,W = θ1 + πPr(Y=0)
(1−π)Pr(Y=1) Whittemore (1995)
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Distribution of G for 1:2 case-control data (π = 1
3 )

0 1 2

G

pr
op
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tio

n

0.
0
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0.
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0.
4

0.
5

0.
6

0.
7

G−general population
G|Y=1 (cases)
G|Y=0 (controls)
G−ascertained population

P(G=1) under
HWE

fgen(G ) = f (G |Y = 1)Pr(Y = 1) + f (G |Y = 0)Pr(Y = 0)

fasc(G ) = f (G |Y = 1)π + f (G |Y = 0)(1− π)

Whittemore (1995)
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Figure: Exposure level x versus CLOR(x , x + 1) for a distribution of 5000
exposures generated as in Section ??. Highlighted in red are
CLOR(x̄ , x̄ + 1) and Ex [CLOR(x , x + 1)] for this data.
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