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& F.Gremy in the " Crisis of meaning and medical informatics
education" (Methods of Information in Medicine, vol. 28 (1989), pp.

189 —195) declares informatics as the discipline dealing with
information.

& The role of information was emphasized in the subsequent literature

on the informatics in biomedicine e. g. by R. Haux in " Aims and tasks of
medical informatics" (International Journal of Medical Informatics, vol.
44 (1997), pp. 3 —10) and J. Zvérova in " On the medical informatics
structure" (International Journal of Medical Informatics, vol. 44 (1997),

pp. 75 — 82).

% Methods of evaluation, transfer and processing of information have
been systematically studied by information theory since in was founded
by C. Shannon in " 4 mathematical theory of communication" (Bell
System Technical Journal, vol. 27 (1948), pp. 379 — 423).

« In this talk we introduce two types of classical concepts of
information and their recently widely studied extensions. We investigate
concrete quantitative relations between the level of available information
and the corresponding level of Bayes decision error in clinical decision
situations, as well as the corresponding level of receiver operating
characteristic in medical screening tests.
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— 1. Clinical decision models with formalized decision error and
quantitative evaluation of information. Optimal Bayes error.

— 2. Information as a reduction of uncertainty. Classical and
non-classical approaches to the measures of uncertainty and information.
Classical Shannon entropy and information and more general power
entropy and information.

3. Bayes error and information. Bayes error and residual (posterior)
uncertainty. Optimal power entropy and information for specification of
the Bayes error.

— 4. Information as a divergence between distributions. Binary
decisions models and statistical discrimination. Classical and
non-classiacl approaches to discrimination information. Classical
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divergence characterization of the Receiver Operating Characteristic
(ROC) of the medical screening tests. 3



1. Clinical decision models

A Clinical decision models with formalized decision error =
admitting optimization procedure and the resulting optimal decision
scheme:

M =0 ={1,2,....,n5, p = P1,P2---sPn)s F =1:/25....f,yonX)

where _
0 ~ (®, p) states of a patient (organ), diseases

fi(x) ~Pr(x|6 = i) distributions of data, symptoms.

A Decision procedure specified by |
decision function 6 : X — ©

leading to the conditional probability of error

E(1,0) = Pr{dlx) = |6 = i) =I /;(x)

{S(x)%i)
and to the unconditional probability of error

E(p.8) = Xp; £i,8) = Pr(3(x) * 0).

& Optimal clinical decision procedure: Bayes decision function

_Pofolx)
>ipifitx)
It leads to the optimal decision error £(p,0,) called Bayes error.

Op= rg mmé'(p 0), 0p(x) = arg maxpg(x) pox) =




Example : Road accident survival

© The clinic treatment of the patients with brain injury can be
partially modelled by

M = (0 ={1,2,3,4}, p = (p1,p2,p3,p4), F =<1, f2, 3, f4})

where 0 =i € {1, 2, 3} means that the patient survived precisely / days
while with & = 4 means that he survived 4 or more days. Further,

pi=n, p,=n(l-n), p3 = n(l —7[)2, a= (1 —-Jrr)3

i.e. the probability of a patient to expire within 24 hours is assumed to be
0 < 7 < 1. Finally, f; are histograms of indices x > 0 of brain activity
measured at the reception and mined in the database of previous patients
from the cathegory 6 = i € {1,2,3,4}. The clinical decision (x)
consists in the prognosis of the patient’s survival at his reception to the
clinic based on the mesurment of his index of brain activity x.

VIf 7= 1/2 and fi(x) ~ e ™" then |
P= (p1 = 1/2, £y = 1/4, PF = 1/8, by = 1/8)

and the optimal Bayes decision d,(x) = 4 if and only if the index of
brain activity x satisfies the condition

— i 1 xfa = ) . e, 1 e
argmgxpg(x) 4, 1.e. g€ _max{ge e }



2. Information as reduction of uncertainty

A Uncertainty of a state 6 ~ (O, p) is traditionally measured by the
Shannon entropy

H(p) => ¢ (p;) where ¢(z) = —tlogt. (1)

If ¢(#) = —tlogt is replaced by ¢ ,(#) = #(1 - ta_')/(a — 1) with the
power index a > 0 then we get the power entropy
Hq(p) =>_¢,(p;,) = 1 (1 —Zp;’) where a > 0. (2)

a—1

Since lim,,,¢,(¢) = ¢(t) = —tlogt, we put H,(p) = H(p) in (2) so that
the class of power entropies (2) generalizes the classical Shannon
entropy.

A In fact, the class (2) assumes the individual contribution
(1- p?_l )/(a — 1) of the concrete state i € © to the uncertainty of the
random outcome 6 ~ (®, p) instead of the individual contribution

—log p=lim__,(1 -p* " )/(a-1)
assumed in the classical entropy (1).

A The power entropies (2) are 1-1 related to the logarithmic power
entropies

Ra(p) = 1

of A. Rényi (1961): On measures of entropy and information. Proc.
Berkeley Symp. on Probab. Theory and Math. Statistic, vol. 1, pp.
547-561. Berkeley University Press: Berkeley, California.

1 a
5 log;pi where a > 0 (3)



¢ Datax € X appearing with unconditional probabilities  f(x) =
> p; /;(x) transform the state probabilities

P = (PP oPy) — PE) = (10Pa®s -, P(X))

and the state power entropies

Hq(p) — Ha(p(x)).
The difference

1a(0,X) = H,(p) — [ , Ha(p(x))Ax)

is nonnegative and represents power information of order a > 0 in the
stochascic data X ~ (X, f{x)) about the clinical state 8 ~ (®, p). This
information essentially depends on the residual entropy

Ha(0]X) = Ha(p(x))Ax) where a > 0.

<1Inl. Vajda, J. Zvarova (2007): Kybernetika 43, pp. 675-696 and in
[. Vajda, D. Morales (2009): Research Report of the Institute of
Information Theory No. 2239, we evaluated the upper and lower bounds

Us(€) = max Hqe(0]|X) and Lo(£) = min Hu(@|X) (5)
Ep.op) =€ Ep.8p) =&

in the whole domain 0 < £ < (n — 1)/n of the Bayes error E(p, J,). We
present these bounds on the next slides.



3. Bayes error and information

—=1/2 —=3/4 —a=1
l—a_
Ha,max = nl _ a]
Hq = Ha(0 | X)
= i)
Hamin 0,00 0,10 0,20 0,30 0,40 0,50 0,60 0,70 o,a;
Emin =0 £=Ep. 3y) Emax = 571

Entropy bounds as functions of Bayes error for n =5 8



— =) —_—=3 —a=4

08

T

0,6

Residual
entropy

0.4

0.2

0.0 1/2 2/3 3/4 4/5

0,00 0,10 0,20 0,30 0,40 0,50 0,60 0,70 0,80

Entropy bounds as functions of the Bayes error for n =5
—

Bayes error



T —=) —=3 —_—=4

0.8
Residual
entropy
0,6
0.4
0.2
il 2/3 3/4  4/s
0,00 0,10 0,20 0,30 0,40 0,50 0,60 0,70 0,80
Bayes error
—>

Inaccuracy of residual entropy for given Bayeserro
10



T

Inaccuracy

11



Residual
entropy

—

Bayes error

Inaccuracy of Bayes error for given residual engrop 12



New result !




14



15



5. Medical screening tests

Hypothesis: Normotonic Alternative: Hypertonic

m “h.;

diastolic pressure

90 mmHg 100 110 mm Hg

correct critical values T Sensitivity = Correct

Specificity = 16
P Y all probability of correct decision all




Receiver Operating Characteristic
(the ROC curve)
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Upper and lower power divergence bounds of the R@«e
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Formulas in Proposition 2.42 of F. Liese and |.d&a{Convex Statistical DistanceBeubner 1987



sion

Conslusions:

- Generalized information in the sense if IT
characterizes the quality of achievable decision

- Accuracy differs and deserves further research

Thanks for the attention



